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Abstract. In this paper, we define a stringy product on K*^i,(X) ® C, the orbifold K-theory of any 
almost complex presentable orbifold X. We establish that under this stringy product, the delocalized Chern 
character 

chdeioc ■■ K*rb{X) (g) C — 5- Hcr{X), 
after a canonical modification, is a ring isomorphism. Here Hq^(X) is the Chen-Ruan cohomology of 
X. The proof relies on an intrinsic description of the obstruction bundles in the construction of the Chen- 
' Ruan product. As an application, we investigate this stringy product on the equivariant K-theory Kq{G) 

of a finite group G with the conjugation action. It turns out that the stringy product is different from the 
Pontryagin product (the latter is also called the fusion product in string theory). 
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1. Introduction 



^ ■ The notion of orbifold was first introduced by Satake under the name V-manifoId. There have been 

■ many very interesting developments since its inception. For example, Kawasaki's orbifold index theory 
^ ■ has been applied extensively in the study of geometric quantizations, and in the development of orbifold 

■ string theory in quantum physics. 
Recall that an orbifold X is a paracompact Hausdorff space X equipped with a compatible system of 

^ orbifold atlases locally modeled on quotient spaces of Euclidean spaces by finite group actions. For each 

^ ■ X ^ X, there is a neighbourhood Ux and a homeomorphism Ux = Ux/Gx- ^ is called effective if each 

^ ■ local group Gx acts on Ux effectively. For any orbifold X, the de Rham cohomology H^j^{X) is well 

G^ ■ defined, and by a theorem of Satake iHTI . is isomorphic to the singular cohomology of the underlying 

^ ■ space X = \X\. 

Associated to an effective orbifold X, we have a canonical non-effective orbifold, called the inertia 
orbifold X of X. The inertia orbifold X consists of connected components of different dimensions, see 
page 7 in lfT4l . 

'b3 ■ * = U ^(5) 

h: (9) 

where {g) G 7i, the set of equivalence classes of conjugacy classes in local groups. Each X(g) is called 
a twisted sector of X, and is a sub-orbifold of X. The underlying topological space of X, denoted by [X|, 
is the disjoint union of X and the singularity set 

EX = {{x, {g))\x eX,Gxy^ {!}, {g) G Conj(G,.)}, 

where Coni{Gx) denotes the set of conjugacy classes in Gx- 

In the development of Gromov-Witten theory for symplectic orbifolds, Chen and Ruan in |[T4l dis- 
covered a remarkable new cohomology theory on any almost complex orbifold X, called the Chen-Ruan 
cohomology H^j^{X). Almost complex orbifolds are those orbifolds with local models given by a finite 
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group acting unitarily on complex spaces. The Chen-Ruan cohomology H^^{X), as a classical limit of 
an orbifold quantum cohomology, is a cohomology of the inertia orbifold X 

with a new product 0(jji, utilising the obstruction bundles over the moduli spaces of stable pseudo- 
holomorphic orbifold curves in X. The obstruction bundle £'[^1 in the construction of the Chen-Ruan 
product is a complex orbifold vector bundle over X'^l = X x e X, where e : X — )• X is the immersion 
defined by the sub-orbifold structure on each connected component of X. The associativity of the Chen- 
Ruan product follows from a property of the obstruction bundles discovered by Chen-Ruan in |[T4]| using 
the gluing construction in Gromov-Witten theory. 

For a compact almost complex orbifold X, Adem, Ruan and Zhang in H defined a stringy product 
on i^*^^(X, r), the twisted K-theory of the inertia orbifold X with a transgressive twisting r. This 
product will be called the Adem-Ruan-Zhang product, denoted by •arz- For an orbifold X arising 
from a smooth, projective variety M with an action of a finite group G or a Deligne-Mumford stack, 
an analogous product •jkk was defined by Jarvis, Kaufmann and Kimura in ll24l on the untwisted 
orbifold K-theory of X. The ring (i^:*^^(X), ^jkr)^^ called the full orbifold K-theory in (H. This full 
orbifold K-theory was generalized to any compact abelian quotient orbifold X by Becerra and Uribe in 
ifTOll . The associated stringy product will be called the Becerra-Uribe produt, denoted by •bu- They also 
established an isomorphism 

In lITOl . Becerra and Uribe also established a ring homomorphism between the orbifold K-theory of X 
and the Chen-Ruan cohomology under a modified Chern character map 

ch : {K*^f,{X),»Bu) — > {H*cr{X),ocr). 

We remark that this Chem character map is not an isomorphism over the complex coefficients. The 
full orbifold K-theory {K*^^{2C), •jkk) was further studied by Goldin, Harada, Holm and Kimura for 
abelian symplectic quotients in f2(T|. They gave a complete description of the ring structure of the full 
orbifold K-theory of weighted projective spaces obtained as symplectic quotients of C" by weighted 
S'^-actions. 

It is known that there is a delocalized Chern character (Cf . 1 8 1 for proper actions of discrete groups 
and lfT2l for etale groupoids) 

chdeioc : KM H*{X, C) = ii'*(X(3), C) 

(9) 

relating the orbifold K-theory K*^jj{X) to the 2-periodic de Rham cohomology of the inertia orbifold 
X. In this paper, we define a stringy product on the orbifold K-theory K*^j^{X) of an almost complex 
compact orbifold X. The main result of this paper is that after a canonical modification, chdeioc is an 
isomorphism over the complex coefficients, and sends the stringy product on K*^f^{X) to the Chen-Ruan 
cup product on iJ^^(X, C). 

The construction of this modified chdeioc relies on an intrinsic description of the obstruction bundle for 
the Chen-Ruan product and Adem-Ruan-Zhang 's stringy product. Associated to the orbifold immersion 

e = |Je(3) :X = |JX(g) ^ X, 

(9) (9) 
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there is a 2-sector orbifold X^l = ic Xe X, which consists of a disjoint union of sub-orbifolds of X 

I I ■^{91,92) 

{91,92) 

each of which is labelled by an equivalence class of conjugacy pairs in local groups. Consider the 
following commutative diagram 



'(91,92) 



'(91) 



62 




'(9192) 



"(92) 




'(92) 



X. 



Then the obstruction bundle is a complex orbifold vector bundle over X'^^, whose component over 
each X(g^^2) denoted by ^^-^ (see |[T4]| for its definition). 

Over the inertia orbifold X, there is an orbifold complex vector bundle 

A4 = U%)^U%) 

(9) (9) 

given by the orbifold normal bundle of each X^^) in X, each of which admits an automorphism of finite 
order. We can choose a Hermitian metric on the tangent bundle of X such that the automorphism <I> acts 
unitarily on Ne- Then each A/'(g) has an eigen-bundle decomposition 

^(9) = © m9)) 

e{9)eQn(o,i) 

where ^> on7V(6'(g)) is multiplication by e^^^^tf' with 6'(g) G Q n (0, 1). Define 
(1.1) = © E e(,)AA(0(,)), A4,^-i = © E(l - 

(9) "(9) (9) S(a) 

as linear combinations of vector bundles with rational coefficients, or as elements in 

Kl,{X) ® Q = <,6(X(,)) ® Q. 

(9) 

Theorem 1.1. Given an almost complex orbifold X, let M be the normal bundle o/Xt^' in X. Then the 
obstruction bundle -E^l in II 1411 satisfies the following identity 

in K^{m) ®Q = e(^^_^^) i^°.,(X(,,,,,)) Q. 

Theorem 11.1 1 implies that the linear combination of vector bundle with rational coefficients 

e\J\fe,<s> + eaA/;,* + etsA/;,^-! - N, 

after combining like terms, is a genuine vector bundle, which can be identified with the obstruction 
bundle E''^^. This theorem was obtained in ifTSl for abelian orbifolds and in [24l for smooth Deligne- 
Mumford stacks. In this paper, we give a direct proof of this theorem using an equivariant version of 
Kawasaki's orbifold index theorem. We also employ this theorem to give an intrinsic definition of Chen- 
Ruan cohomology as Chen and Hu did for abelian orbifolds lfT3]| . 
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The modified delocalized Chern character is given by 

dldeloc = T(A4, ^) A Chdeloc ■ KM ^ H*{X(^g^,C) 

(9) 

where on each component 1{Afe, is defined by 

"(9) 

associated to the eigen-bundle decomposition (ll.ll ). Here T(F)™ is the multiplicative characteristic 

1 - 

class of an orbifold complex vector bundle V corresponding to the formal power series ( )™ for 

X 

m G Qn (0,1). 

Theorem 1.2. Let X be a compact, almost complex, effective orbifold. Then there is an associative 
product o on the orbifold K-theory K*^^{X) ® C such that the modified delocalized Chern character 

dldeloc : (Krbi^) C, o) ^ {H*cn{X, C), *Cij), 

is a ring isomorphism. 

In Section 2, we review some basics of orbifold, orbifold K-theory and orbifold index theorem used in 
this paper. In Section 3, we give an intrinsic definition of the Chen-Ruan cohomology after we establish 
Theorem 11.11 In Section 4, we define the stringy product on orbifold K-theory of an almost complex 
compact orbifold, and prove Theorem 11.21 We also compute a few examples in Section 4, and discover 
that the stringy product on the orbifold K-theory of the orbifold [G/G] (obtained from the conjugation 
of a finite group on itself) is different from the Pontrjagin product on Kg{G). In Section 5, we briefly 
discuss the stringy product on twisted orbifold K-theory for orbifolds with torsion twistings. 

2. Review of Orbifolds and Orbifold Index Theory 

In this section, we will give a brief review of the notion of orbifolds in terms of orbifold atlas and 
proper etale groupoids. Then we review the orbifold index theory using delocalized Chern character. 
The main references for this section are ll2l. 1251. 1281. OOl and ll42l. 

2. 1. Orbifolds and orbifold groupoids. 

Let X be a paracompact Hausdorff space. An n-dimensional orbifold chart for an open subset U of 
X is a triple {U , G, it) given by a connected open subset U C M", together with a smooth action of a 
finite group G such that vr :[/—)• J7 is the induced quotient map. An orbifold chart {U, G, vr) is called 
effective if the action ofGonU is effective. Given an inclusion Hj : Ui ^ Uj , an embedding of orbifold 
charts 

((/)ij,Aij) : {Ui,Gi,'iTi) ^ {Uj,Gj,Trj) 

consists of an injective group homomorphism Xij : Gi — )• Gj, and an embedding (f)ij : Ui ^ Uj covering 
the inclusion Hj such that 0jj is Gj-equivariant with respect to cj^ij, that is, 

(t)ij{gx) = Xij{g)(j)ij{x), 

for x £ Ui and g £ Gi. In the noneffective case, we further require that the subgroup of Gi acting 
trivially on Ui is isomomorphically mapped to the subgroup of Gj acting trivially on Uj. Whenever 
Ui C Uj C C/fc, there exists an element g £ G^ such that 

g°4>ik = (Pjk ° <Pij, gKkg~^ = >^jk ° hj- 
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Definition 2.1. An orbifold atlas on X is a collection of orbifold charts U = {{11%, Gi, tTj)} for an open 
covering {Ui} of X such that 

(1) {Ui} is closed under finite intersection. 

(2) Given any inclusion Ui C Uj, there is an embedding of orbifold charts {(pij, Xij) : {Ui, Gj, vTj) ^ 



Two orbifold atlases U and V are equivalent if there is a common orbifold atlas W refining U and V. 
An orbifold X = {X, U) is a paracompact Hausdorff space X with an equivalence class of orbifold 
atlases. Given an orbifold X = {X,U) and a point x G X, let {U, G, it) be an orbifold chart around x. 
Then the local group at x is defined to be the stabilizer of x € tt~^{x), which is uniquely defined up to 
conjugation. 

The notion of an orbifold and many of its invariants can be reformulated using the language of 
groupoids. For general orbifolds, the groupoid viewpoint is also essential for the C* -algebraic definition 
of K-theory and its twisted version in order to get a cohomology theory satisfying the Mayer- Vietoris 
axiom. We briefly recall the definition of groupoids and their roles in the orbifold theory. 

A Lie groupoid Q = {Gi ^ Go) consists of two smooth manifolds Gi and Go, together with five 
smooth maps {s, t, m, u, i) satisfying the following properties. 

(1) The source map and the target map s,t : Gi ^ Go submersions. 

(2) The composition map 

m:GitXs Gi = {(91,92) ^Gi^Gi: t{gi) = 3(92)} Gi 

written as m{gi,g2) = 91 • 92, satisfies the obvious associative property. 

(3) The unit map u : Go ^ Gi ^ two-sided unit for the composition. 

(4) The inverse map i : Gi ^ Gi, i{9) = 9~^, is a two-sided inverse for the composition. 

A Lie groupoid G = {Gi ^ Go) is proper if (s, t) : Gi ^ Go ^ Go is proper, and called etale if s and t 
are local diffeomorphisms. 

Let Gi ^ Go and Tii ^ T-Lq be two Lie groupoids. A generalized morphism between G and Tiis a. 
right principal 7^ -bundle Pf over Go which is also a left ^/-bundle over T-Lo such that the left ^-action and 
the right ?^-action commute, formally denoted by 



For example, a rank k Hermitian vector bundle over a Lie groupoid G is defined by a f7(A;)-valued cocycle 
over G, that is, a generalized morphism G U{k) where U{k) is viewed as a Lie groupoid with one 
object. Note that generalized morphisms can be composed. This implies that the pull-back of a vector 
bundle over a groupoid by any generalized morphism is well-defined. Note that a generalized morphism 
/ between G and Ti is invertible if Pf in (12.11 ) is also a principal ^-bundle over Ho- Then G and T-L are 
called Morita equivalent. 

Remark 2.2. (1) As observed in OHl and ||27 |, given an orbifold X = {X,U), there is a canonical 
proper etale Lie groupoid G^A' locally given by the action groupoid Ui Gi ^ Ui. For two 
equivalent orbifold atlases U and V, G\U\ and G\y\ are Morita equivalent. 



{Uj,Gj,-Kj). 



(2.1) 




■Ho 



Hi 
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(2) Given a proper etale Lie groupoid Q, tiiere is a canonical orbifold structure on its orbit space 
see |[30l and Proposition 1.44 in [21. Two Morita equivalent proper etale Lie groupoids define 
the same orbifold up to isomorphism (Theorem 1.45 in [21). 

(3) Given an orbifold X = {X, U), a proper etale Lie groupoid Q is called a presentation of X if there 
is a homeomorphism f : \Q\ ^ X such that f*U agrees with the canonical orbifold structure on 

A proper etale Lie groupoid is also called an orbifold groupoid for simplicity. 

(4) An orbifold is called effective if any local group acts effectively on its orbifold chart. For an 
n-dimensional effective orbifold X = {X,U), the corresponding proper etale Lie groupoid is 
Morita equivalent to the action groupoid associated to the 0(n)-action on the orthonormal frame 
bundle for a Riemannian metric on X. 

Definition 2.3. Let X be an orbifold with a presenting groupoid ^. If is compact, the de Rham coho- 
mology of an orbifold X = {X,U), denoted by i7*j,^(X, M), is defined to be the de Rham cohomology 
of Q which is the cohomology of the ^-invariant de Rham complex {i}^{Q),d), where 

np{g) = {w G np{go)\s*uj = fu}. 

If \g\ is not compact, the de Rham cohomology of X is defined to be the de Rham cohomology with 
compact supports of Q, where a differential form uj G ri^(^) has compact support in \g\. 

An orbifold vector bundle £ over an orbifold X = {X, U) is a family of equivariant vector bundles 

{{Ei^lJ,,Gi)} 

such that for any embedding of orbifold charts (f)ij : {Ui,Gi) {Uj,Gj), there is a Gj -equivariant 
bundle map (pij : Ei — )• Ej covering (pij : Ui Uj. The total space E = [j{Ei/Gi) of an orbibundle 
£ ^ X has a canonical orbifold structure given by {{Ei,Gi)}. A connection V on an orbibundle 
£^ — )• X is a family of invariant connections {Vj} on {{Ei Ui, Gi)} which are compatible with the 
bundle maps {(f)ij}. Examples of orbibundles over X include its tangent bundle TX and its cotangent 
bundle T*X. In general, orbifold vector bundles over X do not define vector bundles over the underlying 
topological space X. 

Recall that a vector bundle over a Lie groupoid Q = {Qi ^ Qq) is a t/-vector bundle E over Qq, that 
is, a vector bundle E with a fiberwise linear action of G covering the canonical action of Q on Qq. One 
can check that an orbibundle £ = {E,Ue) defines a canonical vector bundle over the groupoid G[l^]- 

Definition 2.4. Let X be an orbifold with a presenting groupoid Q. If j^j is compact, the orbifold K- 
theory of X, denoted by K^j,i^{X), is defined to be the Grothendieck ring of isomorphism classes of vector 
bundles over Q. li \Q\ is not compact, the orbifold K-theory of X is defined to be the Grothendieck ring 
of isomorphism classes of complex vector bundles with compact supports over G- Here a vector bundle 
with compact support over ^ is a Z2-graded ^-equivariant complex vector bundle E = E^ ® E^ with a 
^-equivariant bundle morphism a : Eq ^ Ei such that the support of a 

{x S QoWx ■ is not an isomorphism} 

defines a compact set in \Q\. 



DELOCALIZED CHERN CHARACTER FOR STRINGY ORBIFOLD K-THEORY 



7 



The de Rham cohomology and the orbifold K-theory are well-defined, as a Morita equivalence be- 
tween two groupoids induces an isomorphism on de Rham cohomology and orbifold K-theory respec- 
tively. The Satake-de Rham theorem for an orbifold X = {X,U) leads to an isomorphism 

H*^f,{X,R) ^ H*{X,R) 

between the de Rham cohomology and the singular cohomology of the underlying topological space. 
The standard Chem-Weil construction applied to a compact orbifold X gives rise to the Chern character 
map 

which is a ring homomorphism. Here the ring structure on K^^^ {X) is given by the tensor product of 
vector bundles and the ring structure on H^^^^{X, C) is given by the wedge product of differential forms. 
This Chem character over the complex coefficients is not an isomorphism. 

Remark 2.5. The definition of orbifold K-theory can be extended in the usual way to a Z2-graded coho- 
mology theory, see ||2l, 

KUm = Kl^,{X)®Kl,{X). 
For an orbifold as a quotient of a compact Lie group action on locally compact manifolds with finite 
stabilizers, the orbifold K-theory has the usual Bott periodicity, the Mayer- Vietoris exact sequence and 
the Thom isomorphism for orbifold Spirf vector bundles. 

We can define the orbifold K-theory of an orbifold X as the K-theory of the reduced C* -algebra 
C*g^(X) of the canonical proper etale groupoid (see Chapter 2 in lEl). The C* -algebraic orbifold K- 
theory is a module over the orbifold K-theory using orbifold vector bundles. If X is presentable, that is, 
X is the orbifold obtained from a locally free action of a compact Lie group G on a smooth manifold M, 
then C*{X) is Morita equivalent to the cross-product C*-algebra C(M) x G. This Morita equivalence 
can be used to define an isomorphism between the orbifold K-theory K*^^^{X) defined in Definition 12.31 
and the K-theory of the reduced C* -algebra C*^^{X) 

KUX) - K^M) - K,iC{M) X G) - i^,(C;,,(X)). 

Conjecturally, the isomorphism 

K*u^)^K,{c;,,{x)) 

holds for general orbifolds. 

2.2. Delocalized Chern character and the orbifold index theory. For any compact orbifold X, there 
is a delocalized Chern character, 

chdeioc-. ^ H*{X,C) 

from the orbifold K-theory of X to the 2-periodic de Rham cohomology of its inertia orbifold X. It was 
defined in ||8l for proper actions of discrete groups and in lfT2l for etale groupoids. The delocalized Chern 
character made its first appearance in the Lefschetz formulas of Atiyah-Bott in Q and the Kawasaki 
orbifold index theorem in [1251 . 

Let X = {X, U) be an orbifold. Then the set of pairs 

X = {{x,{g)G^)\x £X,ge G^}, 

where {g)Gx the conjugacy class of g in the local group Gx, has a natural orbifold structure given by 

{{U^,ZGig),7r,UyCig))\gGG}. 
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Here for each orbifold chart {U, G, vr, U) G U, Zcig) is the centralizer of g in G and is the fixed- 
point set of g in U. This orbifold, denoted by X, is called the inertia orbifold of X. The inertia orbifold 
X consists of a disjoint union of sub-orbifolds of X. 

To describe the connected components of X, we need to introduce an equivalence relation on the set 
of conjugacy classes in local groups as in lfT4l . For each x ^ X, let {Ux, Gx,t^x, Ux) be a local orbifold 
chart at x. If y S Ux, then up to conjugation, there is an injective homomorphism of local groups 
Gy —7- Gx, hence the conjugacy class {g)Gx i^ well-defined for g € Gy. We define the equivalence to be 
generated by the relation {g)Gy {g)Gx- Let 71 be the set of equivalence classes. Then 

^= U 

{9)eri 

where X(g) = {(x, {g')Gj:\9' ^ ^x, {g')Gx ~ (g)}- Note that X(i) = X is called the non-twisted sector 
and X(g) for 5( / 1 is called a twisted sector of X. 

Let ^ be a proper etale Lie groupoid representing a compact orbifold X = {X, U). Then the groupoid 
associated to the inertia orbifold X is given by ^ = {{s,t) : Qi ^ Qo), where 

Go = {g^Gi\s{g) = t{g)}, g^ = {{g,h) e Qi x g^lg e go,t{g) = s{h)}, 

with the source map s{g, h) = g and the target map t{g, h) = h^^gh. There is an obvious evaluation 
map e : Q ^ Q which corresponds to the obvious orbifold immersion 

e = |Je(g) :X= |J X^g) ^ X. 

Given a complex orbifold bundle E over X, or a complex vector bundle over its presenting groupoid 
Q, the pull-back bundle e*E over X or ^ has a canonical automorphism With respect to a ^-invariant 
Hermitian metric on E, there is an eigen-bundle decomposition of e*E 

e*E = ^ Ee 

6»eQn[o,i) 

where Eq is a complex vector bundle over Q, on which <I> acts by multiplying g^'^^/^^. Define 

chdeiociE) = ^e^^^'ch{Ee) G F-(a~,C) - F-,(X,C), 
e 

where ch{E0) G H'^'"{Q, C) is the ordinary Chern character of Eq. 
The odd delocalized Chem character 

chdeioc : Kl^i^) H"''\X,C) 

can be defined in the usual way. Using the standard compactly supported condition, the delocalized 
Chem character can be defined for non-compact orbifolds. 

Remark 2.6. For a compact quotient orbifold X = [M/G\ where G is a compact Lie group acting on a 
compact manifold M with finite stabhzers, Adem and Ruan obtained a decomposition (Cf. Theorem 5.1 
and Corollary 5.2 in [3|) 

Kl,^{X) K*a{M) C ^ K*{M3/ZG{g)) ® C, 

{conjugacy class (s):g£G} 
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where the closed submanifold is the fixed point set of the g-action, and Zcig) is the centralizer of g 
in G. Applying the ordinary Chern character on each K*{M^ /Zcig)), we get an alternative definition 
of the delocalized Chern character over C: 

(2.2) chaeioc:K*G{M)^C^ H* [M^ /ZG(.g),C). 

Going through the proof of Theorem 5.1 in IS, particularly the ring map from the representation ring of 
the cyclic subgroup {g) generated by g to the the cyclotomic field Q(e^'^^'^/I'^^)l ), one can check that the 
delocalized Chern character (12.21 ) agrees with the delocalized Chern character defined by eigen-bundle 
decompositions. Here we identify the inertia orbifold X with the orbifold |J^^^ [M^ /Zcig)]- 

Proposition 2.7. For any compact presentable orbifold X, the delocalized Chern character gives a ring 
isomorphism 

Chaeloc ■■ Krbi^) 0z C ^ H*{±,C) 

over C. 

Proof. The proof follows from the isomorphism for orbifolds obtained from a finite group action on a 
locally compact manifold and the Mayer- Vietoris sequence for open covers. Recall that the canonical 
groupoid Q associated to an orbifold chart {{Ui, G^, vTj)}, when restricted to each open set Ui, is an action 
groupoid Uiys Gi. With compactly supported K-theory and de Rham cohomology, one has the following 
isomorphism (Theorem 1.19 in lH) of vector spaces over C 

chdeioc ■■ K*G^m 0z C ^ H^iUi, Gi) 

where H*{IJi, Gi) = [®g(zG^H*{Uf , C)] with Uf the fixed point submanifold of the ^-action. From 
the definition, we see that H*{Ui, Gi) is the de Rham cohomology of the inertia groupoid of the action 
groupoid Ui>iGi. By an induction argument, we can apply the Mayer- Vietoris sequence for open covers 
and the five lemma to show that 

chdeioc ■ K*^b{^) C — > H*{X, C) 
is an isomorphism of vector spaces. For two vector bundles E and F with eigen-bundle decompositions 

e C 

we have 

e*{E(^F) = ^Ee^F^, 

from which one immediately gets 

chdeloc{E ®F)= chdeloc{E) U chdeloc{F). 

Hence, chdeioc '■ K^rb^^) — ^ ^orbi^' ^ ™§ isomorphism. The ring isomorphism for the 
odd delocalized Chern character can be proved by the standard de-suspension argument. □ 

Remark 2.8. The delocalized Chern character can be applied to write the Kawasaki orbifold index |[25l as 
follows. Let X be a compact almost complex orbifold with a Hermitian connection on the tangent bundle 
TX of the inertia orbifold X. Let E he a complex orbifold Hermitian vector bundle with a Hermitian 



10 JIANXUN HU AND BAI-LING WANG 

connection. Let Ip^ be the corresponding Spin^ Dirac operator. The orbifold index formula in ||25]| can 
be expressed as 

j-orb 

Index{Ip%) = / chdeioc{E)Tddeioc{^) 
Jx 

where Tddeiod^) ^ H*{^) is the delocalized Todd class of X, whose -component is given by 

TdiX(^g)) 

Here Td{X(^g-j ) is the Todd form of X(g) and -PV(g) is the curvature of the induced Hermitian connection 
on the normal bundle A/(g) . In this paper, we will use the equivariant orbifold index formula for a finite 
group H acting trivially on X. Here we briefly discuss this version of the equivariant orbifold index 
formula. When H acts trivially on X, we have 

(2.3) Ki,^Hi^) - kKx) (E) RiH) 

where R{H) is the representation ring of H. Composing this isomorphism with the delocaUzed Chem 
character, we get 

chdeiocH : kI,^h{^) H'^{X,C) ® R{H). 
Then the equivariant orbifold index formula can be written as 

/•orb 

IndeXH{Ip^) = / chdeloc,HiE)Tddeloc{^)- 

Jx 

In particular, for each h ^ H and E = (BiEi (g) Vi under the isomorphism (12.31) . we have 

Tr{h\Kerp+) -Tr{h\Kerp') = ^Index{Ip%^)Tr{g\v,). 

i 

3. Intrinsic description of Chen-Ruan cohomology 

For an almost complex abelian orbifold X, Chen and Hu gave a classical definition of the Chen-Ruan 
product using an intrinsic definition of Chen-Ruan's obstruction bundle, see the proof of Proposition 
1 in section 3.4 of |13|. For a smooth Dehgne-Mumford stack, a similar description of Chen-Ruan's 
obstruction bundle was obtained by Jarvis, Kaufmann and Kimura in ll24l . In this section, we give an 
intrinsic definition of Chen-Ruan's obstruction bundle for an almost complex orbifold X with associated 
Lie groupoid Q. 

Let X = |J(g)eTi -^(s) inertia orbifold with associated inertia groupoid Q and the evaluation 

map e : Q ^ Q. The A;-sector X^^l of X is defined to be the orbifold on the set of all pairs 

{x,{gi,--- ,gk)Gj, 

where {gi, ■ ■ ■ ,gk)Gx denotes the conjugacy class of k-tuples. Here two k-tuples {gi \ ■ ■ ■ ,g^l^)Gx' 
i = 1,2, are conjugate if there is a gf € G^; such that g'^p = ggj^^ g~^ for all j = 1, • • • , k. The /c-sector 
orbifold X''^'] consists of a disjoint union of sub-orbifolds of X 

(g)erfe 

where Tk denotes the set of equivalence classes of conjugacy k-tuples in local groups. Then the groupoid 
^['^l associated to the k-sector Xt'^l for A; > 2 is given by 

Qq^ = {{91,92, ■■■ ,9k) ^ Qo XeGo-- - Xe Go}, 
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and 



= {(51,52, • 

with the source map s{gi,g2, - • • ,gk:h) 
{h~^gih, h~^g2h, ■■■ , h'^gkh). 

As in||H,^W can be identified with the orbifold moduli space of constant pseudo-holomorphic maps 
from an orbifold sphere with k + 1 orbifold points to X. The obstruction bundle over the orbifold moduli 
space, given by the cokernel of the Cauchy-Riemann operator over the orbifold sphere coupled with the 
pull-back of the tangent bundle TQ of Q, defines a complex vector bundle E^''^ over the groupoid of 
k-sectors g^''\ for k >2. 

Definition 3.1. Let E be any complex vector bundle with an automorphism $ of finite order over a 
proper etale groupoid Q. Choose a Hermitian metric on E preserved by Then E has an eigen-bundle 
decomposition 

E= E{m,) 



,gk,h)e{gl^\g,)\t{g,)=s{h)}, 
■ (51, 52, • • • , gk) and the target map t{gi,g2, ■■■ ,gk,h) 



1) 



-Irrii g 
E^-i = 



n [0,1). We define 

1 - mi)E{mi) 



mieQn(o,i) 



where $ acts on E{mi) as multiplication by e 

E^ = miE{mi), and 

mieQn{o,i) 

as a linear combination of vector bundles with rational coefficients, or an element in K^{Q) ^ Q. 

Given an almost complex orbifold X, any orbifold complex vector bundle over a compact orbifold X, 
or equivalently any vector bundle over Q, has an automorphism. Specifically, if is a vector bundle over 
g, then the fiber Ega.tg£ Qq has a linear isomorphism induced by the action of g. In particular, e*TQ is 
a complex vector bundle over Q with an automorphism and TQ is a sub-bundle of e*TQ on which $ 
acts trivially. Let A4 be the normal bundle of the evaluation map e with the induced automorphism $. We 
can choose a ^/-invariant Hermitian metric on Q such that <^ acts unitarily on Me- So the automorphism 
preserves the orthogonal decomposition 

e*Tg = Tg®Ne. 

As a complex vector bundle over Q, A4 admits an eigen-bundle decomposition 

A/'e = U%)=U©^(^(.)) 

(9) (9) 



where <I> acts on N{0(^g-) ) as multiplication by e^'^^ 
1 on Me- 

Consider the following commutative diagram 
(3.1) 



(9) 



with G (0, 1), as <^ does not have eigenvalue 




Let M be the normal bundle to the map e o ei2 = e o ei 
vector bundle over ^1^1, has three automorphisms 



e o e2 Q^^"^ ^ Q- Then TV as a complex 
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(1) J\f ^ A/'ei © e\Me with an automorphism (^i= Id® e\(^, here TVe^ is the normal bundle to the 
map ei- Then N^^, by Definition 13. 11 is given by 

(2) TV = © 62-^6 with an automorphism ^2 = Id® e^^, here A/'ej is the normal bundle to the 
map 62- Then we have 

7V$2 = e2A/'e,$. 

(3) TV = A^eia ® e^2A/'e with an automorphism <i>i2 = Id® e*2<^*, here A/'eia is the normal bundle to 
the map 612- Then we have 

When X is compact, all of these three automorphisms have finite order. 

The main result of this section is the following intrinsic description of the obstruction bundle i?'^! — > 
^[^1 in the definition of the Chen-Ruan cohomology. This generalises the results of [13,1 and |[24l to 
general almost complex orbifolds. Our proof using the orbifold index theorem was inspired by the proof 
in lfT3l for abelian cases, and is simpler than the proof given in ll24l for smooth Deligne-Mumford stacks. 

Theorem 3.2. The obstruction bundle -E^^' in the construction of the Chen-Ruan product satisfies the 
following identity 

^[2] e TV = e*TVe,$ + CaTVe,* + ei2TVe^$-i 

Proof. We first recall the definition of the obstruction bundle from Chapter 4.3 in ||2l and Section 4 in 
lfT4l . Identify ^[^1 as the moduli space of constant representable orbifold morphisms from the orbifold 
Riemann sphere S"^ with three orbifold points to X. Given a point 

(51,52) e^'l 

with s{gi) = t{gi) = x, let be a finite subgroup generated by 51, (72 in the local group 

By Lemma 4.5 in |j21, up to an isomorphism, N depends only on the connected component of X'^^, the 
orbifold associated to Q^'^^ Let mi, m2 and be the order of gi, g2 and gig2 respectively. There is a 
smooth compact Riemann surface S such that T,/N is an orbifold Riemann sphere (5^, (mi, m2, ms)) 
with three orbifold points of multiplicities (mi,m2,m3). Note that S is given by the quotient of the 
orbifold universal cover of (S'^, (mi, m2, m^)) by the kernel of the surjective homomorphism (Cf. (4.14) 
iniU) 

7rT\sMmi,m2,m3)) ^ N. 

The constant orbifold morphism corresponding to (x, (71, (72) is represented by an ordinary constant 
map 

for an orbifold chart {tJx,Gx) at x. The elliptic complex for the obstruction bundle over the point 
(x, 5i, (72) is the A^-invariant part of the elliptic complex 
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So the tangent space of the moduh space ^[^1 at {gi , (72) £ is given by 

(3.2) T^g^^g^^g^^^ = {H''{^)0T^g)'' 
and the obstruction bundle over the point (^^i, ^2) ^ ^0 given by 

as Zc^igi) n (gi2)-representations. Here Zc^igi) and ZG^{g2) are the centrahzers of 171 and g2 
respectively in the local group Gx- 

Note that (e o £12)*^,.^ = M{g^,g^) ® T(^g^^g^)Q^'^'^ and N acts on T^g^^g^)Q^'^'^ trivially. We have 

{H'{^)^T^g,^g,)Qf 
Combining with (I3.2I ). this leads to 

(3.3) (i?O(S)0Ar(,^,,,))^ = O. 

Applying the orbifold index formula (Proposition 4.2.2 of |[T4l ) to the A^-invariant part of the elliptic 
complex 

we get 

(3.4) Indexidj,\^^^^^^^^g,,,) = dimT^g^^gJ^^^ - 0. 

Here the contributions to the orbifold index formula from the three singular points are all zero due to the 
trivial action of N on T^^^^^)^'^^- 

Index{dj:\rp gPl) 

(91 ■92) 

= dim ^ T^g,,g,^g^'Y - dim {H^'\^) r(,,,,)a[20'' 

= dimT(,,,,,)a[2l -dim(i70.i(S) 0T(,,,,,)aP])'^, 

together with (13Z1), we obtain (^^'^(S) ^(gi.ga)^'^^^ = 0. Therefore, 

f ^ 

(91,92) 



as Zg^ (gi ) n ((72) -representations, which can be glued together using the groupoid action to form a 
complex vector bundle over the groupoid ^[^]. 
Let 

(3-5) ■^i9u9.) = ®V^ 

A 

be the decomposition into irreducible Zc^igi) n (72) -representations. 

Note that the automorphisms <I>i, <I>2 and ^12, induced by the action of gi, g2 and (91172)^ re- 
spectively, preserve each irreducible component Vx in (13. 5I ). and commute with the action of N. Any 
eigen-subspace of Vx of $1, ^2 or i^ ^i^o ^ representation of Zq.^ (51) n Zq^ (52). The irreducibility 
of Vx implies that 

(1) (^a)*! = O^Vx where ^>i acts on Vx as multiplication by g^'^v^^i' for di G (0, 1) n Q, 

(2) {Vx)<s>2 = O2VX where $2 acts on Vx as multiplication by e^'^v^^a for 62 G (0, 1) n Q, 
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(3) (^a)$-i = 6*12 where $^2^ acts on Vx as multiplication by e^'^^^ia for 612 G (0, 1) n Q. 

Note that Zc^igi) n Zc^{g2) acts trivially the orbifold sphere (5"^, (mi, m2, ms)). Applying the 
equivariant version of Kawasaki's orbifold index formula (See Remark lZSl ) to the A^-invariant part of the 
elliptic complex 

we get, for g G Zq, {gi) n Zq, (52), 

^2 Tr[g\HO{i:)<^V^)N) - Tr{g\(^HO,n^)^y^)N) 

= TT[g\v,)-{e^ + e^ + e^,^)TT[g\v,). 

From (13.31 ). we get (^H^{Ti) ® Va) ^ = for each irreducible representation Vx in (13.5b . Then (13.61) gives 
rise to 

for each g G n Zc^{g2)- This implies that, as a representation of ZcSdi) ^ Zc^ig2), 

(3.7) ® 14)^ e = (yA)$^ + {Vxh, + (Vx)^^^^, 

after combining like terms. Taking the direct sum over A as in (13.5b . we obtain 

in the representation ring of Zq^ {gi ) n Zq^ (52) over the rational coefficients Q. 

The normal bundle is a complex vector bundle over the groupoid ^1^1 so the fiberwise identity (13.8b 
leads to the identity 

© A/" = e*7Ve,$ + e*2Me,.S> + CisAAg^^-i 

in Ar*^(^[^l) (g) Q. This completes the proof of the theorem. □ 

Remark 3.3. (1) One particular consequence of Theorem l3.2l is that the linear combination of vector 
bundles with rational coefficients 

elAfe,'i> + e^Me,^ + ei2A4,<i.-i - M, 

after combining like terms, is a complex vector bundle which can be identified with the obstruc- 
tion bundle E^'^'^ in the construction of the Chen-Ruan product. 
(2) In [22 1, Hepworth also provides another description of the obstruction bundle. As remarked in 
the introduction of |[22l . his description of the obstruction bundle involves the theory of orbifold 
Riemann surfaces to get certain inequalities regarding the degree shifting in the definition of the 
Chen-Ruan cohomology. 

With this intrinsic description of the obstruction bundle, we can extend Chen-Hu's alternative defini- 
tion of the Chen-Ruan cohomology ring for abelian orbifolds to general orbifolds by identifying 

with certain formal cohomology classes on X. We firstly recall the definition of the Chen-Ruan coho- 
mology of an almost complex, compact orbifold. More details can be found in HU. 
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Definition 3.4. The Chen-Ruan cohomology {H^j^{X), *cr) of X is defined to be 

(9)6ri 

with a degree shift and a new product *CR given by the following formula, for cji, cj2 € H* (jC, C), 

= (ei2)*(^i'^i U ^2'^2 U e(£'f^l)), 

where e(£'l^l ) € i/* (X^^l , C) is the cohomological Euler class of the obstruction bundle E^'^'^ . The degree 
shifting number l : |J(3)eri ^{g) ~^ Q is defined to be 

a locally constant function on X. 

Remark 3.5. The Chen-Ruan product can also be defined using the 3-point function as follows. Given 
(91,92) £ Ti, let 61,62 and eu be the orbifold embeddings in (13.11) . Denote 

63 = / oei2 : X(g^,<;2) — > 

where 53 = {9192)^^ and / : jC jC is the involution defined by (x, {9)gx) (5~^)Gx)- Then for 

coi G C) and u;2 G H*{X{^g^),C), the Chen-Ruan product 

is uniquely determined by the 3-point function 

r*"^ [21 

(3.9) (wi *CR ^2, W3) = / e[uji A 62^2 A 63^3 A e{E^^^^^^^^) 

for any compactly supported G H*{X(^g^), C). 

Given an oriented real orbifold vector bundle V over X, or equivalently, an oriented vector bundle V 
over ^, there is a compactly supported differential form Qy of y such that 

/•orb /-orb 
/ a A Qy = / 

Jv Jx 

for any differential form a on y, and i : X ^ V is the inclusion map defined by the zero section. Such 
a differential form defines the Thom class Q{V) of V. 
Denote by 

(9)eri 

the Thom class of the normal bundle Me over X = |J(g)eTi ^{g) ^'^^ evaluation map 6 : X ^ X. 
Note that the degree of 0(7V(g)) is 2n(g), where n(g) is the complex codimension of X(g) in X. The 
homomorphism 

(3.10) H*{X)= H*iX^g))^ /7*+2«(«)(AA(,)) 

(9)6ri (s)eri 
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sending U(^g-^ G to 7r*^^a;(g) A Q{M(^g-j), is the Thom isomorphism. Here 7r(g) : J^e^g^ — > ^(g) 

is the bundle projection. Identifying a neighbourhood of the zero section in A^^g) containing the support 
of 0(A4(g)), with the orbifold neighbourhood of in X, we obtain the push-forward map 

(9)eri 

As before, let 

be the eigen-bundle decomposition for the automorphism $. 

Definition 3.6. The fractional Thom class of the normal bundle (A/'(g) , $) over is defined by the 
formal wedge product 

"(9) 

of formal degree 2/,(g) = ^ 0(g), with compact support in a neighborhood of in X. 

For each (g) G 7i, denote by i/^^^''*' (X) the set of formal wedge products 

Hl-''''<^\X) = {a; A e{J^ig),1>)\^ G //*(X)}. 

Elements in i/^^^''"' (X), called formal cohomology classes, can be represented by formal products of 
closed differential forms on X and a formal fraction of differential forms for the fractional Thom class. 
These formal differential forms and their formal cohomology classes have the wedge product obtained 
from the formal product. We use the convention that integration of a formal differential form over X 
vanishes unless its formal degree agrees with the dimension of X. 

The fractional Thom class ©(A4, can be employed to define a formal push-forward map 

(3.11) ef : H*i±) = F*(X(,)) hI^''^^\X) 

(g)6ri (g)eri 

obtained from the Thom isomorphism (13.101 ) with the usual Thom class replaced by the corresponding 
fractional Thom class. It is clear from the definition that ef is injective. 
Similarly, we can define another formal push-forward map 

(3.12) ef-' : H*{X) = F*(X(,)) Hlt>'-'''^\X) 
with the fractional Thom class @{J\f(^g-j, ^) replaced by 

The following lemma explains the role of these two formal push-forward maps. 

Lemma 3.7. The Thom class of the normal bundle N(^g^ X(g) is given by Q(J\fi^g) , <I>) A 0(A/'(g) , $~^) . 
Moreover, For a G ff*(X(g)) and f3 G H* {X(^g-i^), we have 

porb /-orb 

/ ef(a)Aer'(r/3)= / a A /* /3. 



F*+2"{9)(x). 
(9)Gri 



(9) 
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Proof. Note that A/j^) = ©e^^) -^(^(3))' f™"! which we get 



, 1-^ 



(9) 



"(9) "(9) 

Hence, G(7V(g), A e(7V(g), ^>~^) = /\g (G(A4)) = ©(A/;). From the definition of orbifold integra- 
tion, we have 

orb 

X 

orb 



poro 



^A^(9) 

orfe 



A^(9) 



a Ar/3. 

'^(9) 

Here vr^^) : A/'e^^j ^ is the bundle projection and A/'e^gj is identified with a neighbourhood of X(g) 
inX. □ 

Theorem 3.8. Under the formal push-forward map 

{9)eri 

the Chen-Ruan product becomes the wedge product. That is, for a, f3 H* (X), 

ef{a *cRf3) = ef{a)Aef{(3). 

Proof. From the definition of the wedge product, ef (q) A ef is supported near Xt^l, or near the 
0-section of the normal bundle Af over 

Given ((71, 52) G Ti, let ei, 62 and 63 be the orbifold embeddings of X(g^ i'^ -^(si)' -^(92) ^"^^ -^{93) 
respectively, where g-^ = {gig2)~^. Let ir^^g-^ be the projection A/'(g) ^ ^{9)- From Theorem 13.21 we 

know that the Thom class ©(£'1 J satisfies 

^ [91,92)' 

Q{Ef}) A e{M) = Q{M(g,),^) A e(A/-(,,), ^) A e(A/-(,3), f ), 

as a formal cohomology class supported near a neighbourhood of X^^^ ^^-^ in X. For a G i/*(X(g^)), 
/3 e F*(X(g2)) and 7 G F*(X(g3)), near X^g^^g^) we have 

ef(a)Aef(/3)Aef(7) 



X 
orb 



X 
orb 



^(9i)(") ^ A ^(,3) (7) A mis.),^) A e(AA(,,), $) A e(Ar(,3), CD) 



orb 
X( 



^(91 ,92) 

By Poincare duality for orbifolds and the 3-point function (13.91 ) for the Chen-Ruan product, we get 

e?(a *CR/3) = e?(a)Aef(/3). 

□ 
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4. Stringy product on the orbifold K-theory 

In this section, we will define a stringy product on the orbifold K-theory of an almost compact orbifold 
X, and establish a ring isomorphism between the orbifold K-theory of X and the Chen-Ruan cohomology 
ring using a modified version of the delocalized Chem character. We first recall the definition of the 
delocalized Chern character and its properties. Then we give a geometric definition of a stringy product 
on K*^j^{X) (g) C itself and show that this product agrees with the Chen-Ruan product under a modified 
version of the delocalized Chern character. 

4.1. Review of the Adem-Ruan-Zhang stringy product. In (4], Adem, Ruan and Zhang defined a 
stringy product on the twisted K-theory of the inertia orbifold X of a compact, almost complex orbifold 
X. This product will be called the Adem-Ruan-Zhang product, denoted by 'arz- To simplify the 
construction, we first discuss the untwisted case for a presentable, compact, almost complex orbifold X. 

The Adem-Ruan-Zhang product on the orbifold K-theory of the inertia orbifold X, under the canonical 
isomorphism for a presentable orbifold X 

KUx)^K*ig), 

is given by the formula 

(4.1) OCARZ 

for a,/3 G K*{g), where X-i{E^^^) = [A^^^^'E^^^ - [A^'^E^^^ G K*{g^^^) is the K-theoretical Euler 
class of the obstruction bundle £^[^1. We recall here that the push-forward map 

is given by the composition of the Thom isomorphism 

and the natural extension homomorphism K*{J\fei2) ~^ K*{g) obtained by identifying the normal bun- 
dle A/'eij as a (component-wise) tubular neighbourhood of ^[^1 in g. Under the decomposition 

(g) 

for Qi G K*^,^(X(g^)) and Q2 G Klrb(^{g2)) we have 

(4-2) ai •ARZ Oi2 G i^*rfe(X(g^g2)). 

For an abelian almost complex orbifold X obtained from a compact action of an abelian Lie group on 
a compact manifold, Becerra and Uribe in BlOl established a ring homomorphism 

{K*^,{X),.ARZ) (F^R(X,C),*ci?), 

by modifying the usual Chem character as in ll24l . The decomposition theorem of Adem-Ruan (Theorem 
5. 1 in [3]) implies that this ring homomorphism is not an isomorphism in general. 

Now we briefly recall the definition of twisted K-theory for orbifolds. A twisting on an orbifold 
groupoid ^ is a generalized morphism 

a-.g ^ PU{H) 

where PU (H), viewed as a groupoid with the unit space {e}, is the projective unitary group PU (H) of 
an infinite dimensional separable complex Hilbert space H, with the norm topology. A twisting a gives 
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rise to a principal Pf7(i7) -bundle Va over Q. Two twistings are called equivalent if their associated 
PC/(i?) -bundles are isomorphic. 

Remark 4.1. It was argued in 161 that it is not desirable to use the norm topology on the structure group 
PU {H), particularly in deaUng with equivariant twisted K-theory. For orbifolds and orbifold groupoids, 
it suffices to consider PU {H) with the norm topology in the definition of twistings and twisted K-theory 
just as in the non-equivariant case. The main reason is that the underlying groupoid for any orbifold is 
proper and etale, so locally it is given by the transformation groupoid for a finite group action. As pointed 
out in @, the structure group PU (H) with the norm topology works fine for an almost free action of a 
compact Lie group, where the underlying orbifold is presentable. 

Let 1C{H) be space of compact operators on H endowed with the norm topology, and let Fred{H) 
be the space of Fredholm operators endowed with the *-strong topology and Fred^{H) be the space of 
self-adjoint elements in Fred{H). Consider the associated bundles 

Fred\V^) = V, ^pu(^h) Fred\H) 

over the groupoid Q. The cr-twisted K-theory of Q, denoted K^{G, o") for i = 0,1, is defined to be the set 
of homotopy classes of compactly supported sections of Fred^{Va)- For any orbifold X = {X,U), the 
twisted K-theory of X is defined to be the twisted K-theory of the associated proper etale groupoid G[l^]- 
Then the twisted orbifold K-theory is a module over the ordinary orbifold K-theory and satisfies the 
Mayer- Vieroris sequence and the Thom isomorphism for complex orbifold vector bundles. Moreover, 
the twisted orbifold K-theory admits the multiplicative operation 

(4.3) K:,,(X, ai) (g, K:,,(X, (72) K:,,{X, ai + 02) 

where the addition ai + cj2 is the new twisting from the group homomorphism PU (H) x PU (H) — > 
PU{H) induced by the Hilbert space tensor product H H <^H.Stt EU ^\ US for more detailed 
discussions. 

Given a twisting a on Q, Adem, Ruan and Zhang defined a product on K*^^(jC, a) by 

(4.4) a •arz 

for a,/3 G K*^j,(X, ct) = K*{Q,d). Here applying the multiplicative operation (14.31 ) and the K*^^(X)- 
module structure, 

is an element in K*^^(^[^l , e\d + e^d), and 

is the push-forward map for (component-wise) orbifold embeddings obtained by the composition of the 
Thom isomorphism in twisted K-theory and the natural extension homomorphism for open embeddings. 
To make sense of the expression (14.41) . we need a canonical identification 



which is guaranteed by the transgressive property of the twisting a, see lU for details. 
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4.2. Stringy product on orbifold K-theory. Let X be an almost complex compact orbifold, and X = 
IJ(^) X(g) be its inertia orbifold. Let Q and G be their presenting proper etale groupoids. The evaluation 
map e = U(g)e(g) : IJ^^-j X(g) X is presented by the map e : G ^ Q. 

Proposition 4.2. There exists a canonical ring homomorphism 

c/i<E, : K*^h{^) H*{X,C) 

such that the following diagram 

ch^ 



(4.5) 



e* 



H*{X,C) 



Chrl 



commutes. 



Proof. Any complex orbifold vector bundle £ over the inertia orbifold X admits an automorphism In 
terms of the associated complex vector bundle E over the canonical proper etale groupoid G, the action 
of ^ on each fiber Eg over the point g £ Go is given by the action of g. We have an eigen-bundle 
decomposition of £ 

£= © £o 

eeQn[o,i) 

where £e is a complex vector bundle over G, on which ^ acts as multiplication by g'^'^V^s^ Then 

ch^{£) = Y^e^''^^ch{£e) G H^^{G,C) ^ H^^XX) 
e 

defines a homomorphism 

c/i$ :i^o^,(X) ^F-(X,C). 

From the definition of the delocalized Chem character, we get ch^eioc = ch^ o e* . Hence, the diagram 
(14.51 ) commutes. □ 

Proposition I4.2l implies the following commutative diagram 
(4.6) Kl,{X) ® C — H*{±, C) 




where chdeioc is an isomorphism. 

For any element d E Im{e*) PI Ker{ch^), there exists a S K*^f^{X) (g) C such that d = e*{a) and 
ch^{d) = 0. These imply that chdeioc{oi) = 0. Hence a = as chdeioc is an isomorphism. Then 
d = e*(a) = e*(0) = 0. Then we obtain 

(4.7) Krbi^) C = Im{e*) Ker{ch^). 
Hence, each element d E -K'*^^(X) (g)^ C can be uniquely written as 

(4.8) d = e*a + l3 

for a unique element a G K*^f^{X) ®i C and /? G Ker{ch^). Define 

(4.9) e# : K^,,.!*) ®z C ^ ®z C, 
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sending a = e*a + /3 as in (14.81) to a. Then one can check that e# is a left inverse of e* such that 

(4. 10) {chdeioc ° e#) (a) = c/i$ (d) 

for any a G K;^i^{X) 0z C. 

With these preparations, we now can define the stringy product on the orbifold K-theory of a com- 
pact almost complex orbifold X. For simplicity, we will denote (^z C and K*^f^{X) 0^ C by 
C) and K:^,{X, C) respectively. 

Definition 4.3. Let X be an almost complex compact orbifold, and X = [J^^^ X(g) be its inertia orbifold. 
The stringy product o on K*^f^{X, C) is defined by 

ai o 02 = e#{e*ai •arz e*a2) 

forQ;i,a2 € ^C*^^(X,C). Here e*ai • arz e*a2 is the Adem-Ruan-Zhang stringy product on iC*^^(X, C) 
and e# is the left inverse of e* . 

Next, we define a modified version of the delocalized Chern character 

dideioc : K*^b{^) ^ H*{X,C)- 

For a complex vector bundle £ over a compact manifold M, there is a well-known Chern character defect 
for Thom isomorphisms in K-theory and cohomology theory, for example see Chapter III. 12 in [26], such 
that the following diagram 

K*{M,C) Z^^!!L_^ K*{£,C) 



ch 



commutes. Here T(£^) is a characteristic class of £ 

T(g)= ei/*(M,C), 
associated to the formal power series 

1 - 

TW = — . 

That is, if we formally split the total Chern class as c(f ) = ^(1 + Xj), then 

% 

Given an orbifold complex vector bundle over the inertia orbifold X, let 

mieQn[o,i) 

be the eigen-bundle decomposition of the canonical automorphism <I>, where <I> acts on as multipli- 
cation by gSTTv^m, Qefjjje ^ cohomology class 

(4.11) 1{£,<^>) =l[l{£mT^ e H*{X,C), 

mi 

1 — m 

where T(£^m, is the characteristic class associated to the formal power series ( — —-)'". Then 
1{£, is an invertible element in H* (X, C) as the degree zero component is 1. 
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Associated to the normal bundle 

(9)6ri 

over X = \_\(^g) X{g), we have the cohomology class 1{Afe, in H*{X) whose component in C) 
is given by T(A/(g), The intrinsic description of the obstruction bundles over X^^l in Theorem 13.21 
gives rise to the following identity 

= eJT(A/-(,,),«>)Ae*2T(AA(,,),<I>) 

in //*(X(g^^2)' foJ" connected component X(gj of ^[2]- Here ^{gi^g^) is the normal bundle for 
the orbifold embedding ei2 : ^(^1,92) ~^ -^{9192) ■ 

Definition 4.4. The modified delocahzed Chern character on the orbifold K-theory -fC*rfe(^) - K*{Q) 
is defined to be 

'^deloc = ^(A4, ^) A Chdeloc ■ KM ^ -?^*(^, C) 

Now we can prove the main result of this paper. 

Theorem 4.5. Let X be a compact, almost complex, effective orbifold. The modified delocalized Chern 
character 

chdeloc ■■ (i^*rb(X,C),o) — )■ {H*{X,C),*cr), 
is a ring isomorphism between two 'Z2-graded multiplicative cohomology theories. 
Proof. By the definition of stringy product (Definition l4.3l) and (I4.7I )- (I4.10I ). we get 

chdeioc{ai o 02) 
= {chdeloc o e#) (e*ai •arz 6*02) 
= ch^{e*ai»ARZ e*a2) 
= ch^ [(ei2)*(ete*ai • e^e*a2 • A_i(^[2])^j 

for ai,a2 € C). As e* = ®{g)C*(^g)> the X(g)- component of chdeioc{oii o 02) in (14.131) is given 

by 

(4-14) J2 [(^12)* (ete^^^)ai • e^el^^^a^ ■ X.r{Efl^^^^))] . 

{{ai,92)-{9ig2)={g)} 

Here the pushforward map (612)* : -firorfe(-^(gi,g2)' ^) ~^ -^orb(-^(gig2)' is obtained by the composi- 
tion of the Thom isomorphism for the normal bundle A/'(g^ of ^12 : Xi^g^ g^-^ — > ^(^^32) ^^^^ natural 
extension for open embeddings. Using the fact that the automorphism on the Thom class of J^(gi^g2) is 
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trivial, we obtain 

chdeioc{ai o 02) 

= chdeloMi o 02) A %{Ne, ^) 

= E{(gi,92)}(ei2)* [e\ch^{elg^^ai) A e^c/i$(e^^^)a2) A c/i(A_i(i?g[_^^)) 

= E{(gi,92)}(ei2)* [e^c/i$(e^^^)ai) A e^c/i$(e^^^)a2) A e(i?gl^^^)) 

^^(^(1.2) Ael2T(AA(,,,,),ci>)] 
= E{{gi,g2)}(ei2)* [e^c/i$(e^g^)ai) A e^c/i$(e^^^)a2) A e(^{Jl^^^)) 

elT(A/-(,,),<^)Ae^T(A/-(,,),$)] 
= (ei2)* [e*ichdeioc{oii) A e^c/irfeioc(a2) A e(£^|^[^^^p 

= chdeloc{ai) *CRChdeloc{o:2)- 

Here we apply the identity (I4.12I ). This implies that chdeioc is a ring homomorphism. 

From Proposition 12.71 we know that chdeioc '■ ^orfe(-^) C ^ H^j^{X,C) is an isomorphism of 
complex vector spaces. As the degree zero component of 1.{Me,^) is 1, T(7Vei*^*) is an invertible 
element of the ring H^j^{X, C). So chdeioc is also an isomorphism of complex vector spaces. Hence 
chdeioc is a ring isomorphism. 

□ 

Remark 4.6. Note that K*^^,{X) = ^^^^ Krbi^^g)), H*{X, C) = e(^) i?*(X(,), C), and 

ch^ : 0i^;,,(X(,),C) ^ 0i7*(X(,),C) 

preserves the decompositions. This decomposition preserving homomorphism motivates the following 
alternative definition of stringy product which might simplify computation when applying Theorem 14. 5 1 
The isomorphism chdeioc '■ K*^f^{X, C) — > ©(g) ^orbi^{g)i'^) induces the decomposition 

(4.15) KUX, C) = K:,,{X, (g)) 

(g) 

such that chdeioc preserves the decomposition. Then the commutative traingle (14.61 ) immediately implies 
the following identities 



(4.16) c/i$(e(^)W(g)) 



chdeioc{i^{g)) if {g) = (h) 

otherwise 



for any uj(^g^ G ^C*^^(X, (g)) , and where e(/t) : X(/j) — > X denotes the orbifold embedding. Define 
^* = ®<9) ■ Krbi^,Q = ^K:,,{X,{g)) K:,,iX,C) = 0ir:,,(X(,),C) 

(9) (9) (9) 

by sending a(g) G K*^f^[X, (g)) to e*^g^a(^g-j G K*^f^{X(^g-j,C). It is straightforward to check that e* is a 
ring homomorphism preserving the decomposition. Moreover, the homomorphism e* satisfies 

chdeioc = ch<s> o e* 
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and has a canonical left inverse e# defined in a similar way as in (14.81 ) - (I4.101 ). We can check that the 
stringy product in Definition 14. 3 l ean be written as 

(4.17) aioa2 = e#{e*ai»ARze*a2) 

for Qi, 02 € K;^bi^, C). In particular, if oi € (gi)) and oa e (52)), then 

ai 002 G K*^b{^^ {9192)) ■ 

Example 4.7. The first example is the orbifold [{ptj/G] given by a point {pt} with a trivial action of 
a finite group G. The groupoid G associated to [{pt}/G] is the action groupoid G ^ {pt} with the 
conjugation action groupoid G x G =| G as its inertia groupoid G- 

The Chen-Ruan cohomology ring of [{pt}/G] is isomorphic to the center Z(C[G]) of the group alge- 
bra C[G], see Ifl4l or Q. Alternatively, H*{Q,C) can be identified with the vector space of C-valued 
G-conjugation invariant functions (also called class functions) on G. Let C{G) be the vector space of 
C-valued class functions on G. The ordinary cup product on H*{G, C) is the point-wise multiplication 
on C(G). As complex vector spaces, C(G) is isomorphic to the center Z(C[G]) of the group algebra 
C[G]. The Chen-Ruan product on Z(C[G]) induces the convolution product on C{G) 

(4.18) {xi*X2){9)= Yl Xi{9i)x{92) 

{9i,92GG:gi32=9} 

for Xi) X2 S C(G), and g £ G. This means 

{H*cn{[{pt}/G],C),*CR) = {C{G),*). 

The stringy product on the orbifold K-theory of the inertia orbifold was described in ||4l. Here we 
consider the stringy product on Kciipt}), the orbifold K-theory of the orbifold [{pt}/G] itself. Note 
that 

KG{{pt})^RiG), 

the representation ring of G. The odd equivariant K-theory of a point vanishes. Let py G ^ GL{V) 
be a representation of G. Then from the definition, ch(ieioc{[V, Pv]) is a class function on G given by the 
character of the representation pv 

chdeiocilV, p]){g) = Tr{pv{g)) , for 5 e G. 

that is, chdeioc ■ R{G) ^ C is a C-valued class function on G. Then 

Chdeloc-. RiG)®C^C{G) 

a ring isomorphism, where the ring structure on R{G) C is given by the tensor product of representa- 
tions, and the ring structure on C(G) is the standard point- wise multiplication. 

Let Pv G ^ GL{V) and pw '■ G GL{W) be two representations of G. We compute the 
Adem-Ruan-Zhang product 

e* [V, pv\ 'ARZ e* [W, pw] = (eu)* {ele* [V, pv] O e^e* [W, pw]) 

represented by a G-equivariant vector bundle over G, since there are no normal bundles involved in this 
case. As a vector bundle over Q, its fiber over g £ G is 

{9l,92&G:gig2=g} 
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where Vg^ = V and Wg^ = W. The automorphism $ on the fiber over g is given by 

pvigi) pw{92)- 

{gi,92&G:gig2=g} 

By a direct calculation, we get 

ch^{e*[V,pv] 'ARZ e*[W,pw]) = chdeloc{[V, pv]) * chdeloc{[W, pw]) 

where * is the convolution product on C{G). Therefore, the stringy product on Korb{[{pt}/G], C) agrees 
with the convolution product on C{G) under the delocalized Chern character. Therefore, we get the ring 
isomorphism 

{K*U[{pt}/G]) ®C,o) - {H*cn{[{pt}/G],C),*cR). 

In summary, for the orbifold [{pt}/G], the orbifold K-theory K*^^{[{pt} / G]) = R{G) is isomorphic 
to the singular cohomology of its inertia orbifold over the complex coefficients under the delocalized 
Chem character. There are two products on K*^f^{[{pt}/G],C). 

(1) One is given by the tensor product, under the delocalized Chem character, corresponding to the 
point- wise product on C{G). 

(2) The other is the stringy product, under the delocalized Chern character, corresponding to the 
convolution product on C(G). 

Example 4.8. The orbifold is [G/G], obtained by the conjugation action of a finite group G on itself. 
The groupoid Q for [G/G] is the action groupoid of the G-conjugation action on G. Its inertia groupoid 
Q is the action groupoid of the G-conjugation action on 

G = {{g,h)eGxG\gh = hg}, 

the set of pairs of commuting elements in G. 

Additively, i^*^^([G/G]), the orbifold K-theory of [G/G], is isomorphic to 

Kg{G) ^ R{Zg{9)), 

{(g):conjugacy classes of G} 

where Zcig) is the centralizer of g in G, see [4|. An element in Kg{G) is represented by a collection 
of finite dimensional complex vector spaces {(V^, pg)}ggG, where pg : Zcig) — > GL{Vg) is a group 
homomorphism, such that there is a linear G-action on (BgVg intertwining with the ©p^ -representation 
in the following sense: 

(1) for any k £ G, there is a linear isomorphism (/)v{k) : Vg — )• Vj^gj.-i satisfying </>v(^i^2) = 
(pvih) o 4>v{k2) for ki,k2 G G, 

(2) <i)v{h)= pg{h)foiheZG{g), 

(3) the following diagram commutes 



(4.19) 



4>v{k) 
^kgk 



Pg(h) 



Va 



<i>v{k) 



kgk^ 



for any h G Zcig). 
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The diagram (14.191 ) implies that for {g, h) G G 

Tr{pg{h)) =Tr{pf,gk-i{khk-^). 

Hence the function X{{Vg,pg)}g^G • (5' ^) '"^ '^''"{PgW) ^ G-invariant function on G. Let Cg{G) be 
the space of C-valued G-invariant functions on G. Then the delocahzed Chem character 

chdeioc : Kg{G) CaiG) 

is given by sending {{Vg, pg)}g(.G to X{{Vg,pg)}g^G- 

There are three different products on Kg{G) C described as follows. 

(1) The first one is given by the usual tensor product ®g of G-equivariant vector bundles over G. 
The delocalized Chern character 

Chdeloc ■■ {Kg{G) C, ®g) (Cg(G), •) 

is a ring isomorphism for the point-wise product • on Cg'(G). 

(2) The second one is the Pontryagin product •g given by 

7r-| XTTo lYi^j, 

•G : Kg{G) X Kg{G) '-^-^ Kg{G X G) Kg{G), 

where vri, 7r2 : G x G ^ G are the obvious projections and m : G x G — )■ G is the group 
multiplication. This product •g agrees with the Adem-Ruan-Zhang product •arz on the orbifold 
K-theory of the inertia orbifold of [{pt}/G]. The ring {Kg{G), "g), or its complexification, is 
the fusion ring for the three-dimensional topological quantum field theory associated to the finite 
gauge group G, see ifTSl and |[T9l . 
Explicitly, given two elements 

^ = ®(.)[^(.)]'^ = ®(.)[^(.)] 
in Kg{G) = (B(g)R{ZG{g)), the Pontryagin product is given by 

{{V.GW)g= Vg,^Wg,}^^^ 

9i,92&G:gig2=g 

with the diagonal G-action 

(Pvik) ® (t>w{k) : {V •G W)g {V •G W)kgk-^ 
for any k £ G. The delocalized Chern character 

chdeioc:KG{G)®C^CG{G) 

is a linear isomorphism of vector spaces. For an abelian group G, G = G x G. Then the 
Pontryagin product ^g induces the convolution product on Cg{G) in the first variable 

ifi *if2)i9,h)= Yl fii9i,h)f2{g2,h). 

{gi,g2&G:gig2=g} 

(3) The third one is the stringy product o on the orbifold K-theory of the orbifold [G/G] itself defined 
in Definition 14. 3 1 Given two elements 



V = ®ig)[Vig)hW = (B^gj[W^g)] 
in K*^i^{[G/G],C) = ®^g)R{ZG{g)) ® C, the stringy product on [G/G] is given by 

V0W=(B^g)[V^g) OZa(g)W^g)], 
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where V(g) ^Zaig) ^(g) "^^e stringy product on Klj.^^{[{pt} / ZG{g)]:C) discussed in Example 
Tlie delocalized Cliern cliaracter 

Chdeloc ■■ {Kg{G) ^C,o) (Cg(G),*2) 

is a ring isomorphism, where the product *2 on Cg{G) is given by 
(4.20) (/i*2/2)(<^,/i) = ^ Mg,hi)f2{g,h2). 

{h^M<^ZG{g)Mh2=h} 

For an abeUan group G, *2 is the convolution product on Cg{G) in the second variable 

(/l*2/2)(5,/i)= fii9,hi)f2{g,h2). 

A simple example like G = Z2 shows that these three products are indeed different. 
Corollary 4.9. For any finite group G, there is a ring isomorphism 

{Hcr{[G/GIC),*cr) = (Cg(G),*2). 

Example 4.10. (Weighted projective spaces) Consider the weighted projective space W¥{p, q), where 
p and q are coprime integers, which can be presented as the quotient of the unit sphere C by the 
S*^ -action 

e*^(zi,Z2) = (e*^'^i,e^'''^2). 
As an orbisphere, W¥{p,q) can be covered by two orbifold charts at singular points x = [1,0] and 
y = [0,1] with isotropy groups Zp and Zg respectively. Here 2,^^ is the cyclic subgroup of generated 
by the primitive Wi-th root of unity. 

The orbifold K-theory of VKP(p, q) over C was given in f3l as 

where C(Cp) and C(Cg) are the p-th and q-th cyclotomic fields over C. 

We can apply Theorem 14.51 Remark 14.61 and Example 4.28 in [2] to find the stringy product on 
Kl^{W¥{p,q),C).l.a 

Op G C © C(Cp) /3g G C © C(Cg) 

be elements such that the delocalized Chem characters correspond to the constant function 1 on the 
twisted sectors corresponding to generators of Zp and Zg respectively. Then we have 

al = (5l = l- n,aP+i = = 0. 
5. Twisted cases 

As explained in Section l4~n the Adem-Ruan-Zhang stringy product is defined for twisted K-theory of 
the inertia orbifold of a compact, almost complex orbifold. In this section, we explain how the construc- 
tions in Section 4 can be carried over to torsion twisted cases. 

A twisting a over an orbifold X is a principal PC/(//)-bundle over X. Then there exists an orbifold 
atlas such that a is represented by an C/(l)-central extension of the canonically associated groupoid 
= {Qi ^ Go) - This central extension 

(5.1) U{1) — - n Gi ^ Go, 
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called a C/(l)-gerbe over {Qi ^ Qq), is obtained from the PC/(ff) -valued cocycle on G[U] and the 
C/(l)-central extension of PU{H). Note that a gerbe connection is a connection 6 on the [/(l)-bundle IZ 
which is compatible with the groupoid multiplication on TZ. A curving for the connection ^ is a 2-form 
B on Qq such that the curvature of 9 

(5.2) Fg = s*B -t*B en'^iGi). 

Then dB G ^^{Qo) satisfies the property 

s*{dB) - t*{dB) = 0. 

Hence, the 3-form dB defines a closed 3-form on the orbifold X, called the gerbe curvature of the 
gerbe TZ with a gerbe connection 6 and a curving B. A twisting a is called torsion if its associated gerbe 
is flat, that is, it has a gerbe connection and a curving whose gerbe curvature vanishes. By a standard 
construction (Proposition 3.6 in BSl ). taking a refined orbifold atlas if necessary, the gerbe (15.11) always 
admits a gerbe connection and a curving. 

The central extension (15.11 ) defines a complex line bundle over Qi. Restricted to the inertia groupoid 
Q, we get a complex line bundle over the inertia groupoid, denoted by 

(5-3) = U(^g)^ri^ig) ^ ^i9)eTi^{g)- 

When the gerbe is equipped with a gerbe connection and curving, the property (15.21 ) implies that the 
induced connection on the complex line bundle Ca is flat. Hence, C^^ = {£^{g)}(g)eTi inner local 
system defined in |[34ll and ll39i . Recall that an inner local system over an orbifold is a flat complex 
orbifold line bundle 

Ca = U(g)eTi^ig) — ^ LJ(g)eri%) 
satisfying the following compatibility conditions 

(1) £(1) is a trivial orbifold line bundle with a fixed trivialization. 

(2) There is a non-degenerate pairing £(g) ® /*£(g-i) C(^iy 

(3) There is an associative multiplication 

^(gi)'^(9i) ^ ^\92)^{92) ^ ^(sig2)'^(9i92) 

over X(g^^g2) for (51, 52) G Ti- Here 63 = / o ei2. 
Given an inner local system on an almost complex, compact orbifold X, the ^CT-twisted Chen-Ruan 
cohomology is defined to be 

(5.4) H*c^{X,C„)= F'^-2h.)(X(,),/:(,)) 

(9)6ri 

with the twisted Chen-Ruan product given by the same expression as in Definition l3.4l The properties of 
the inner local system ensures that the Poincare pairing 

/•orb 

for uji € H*{X(^gy C(^g^) and u)2 € -ff*(X(g-i), £(^-1)) is non-degenerate, and the twisted Chen-Ruan 
product is determined by the the 3-point function 

rorb 

(wi *cij ^2,^3) = / e^wi Ae2W2 AegWa Ae(£^|^'^^^^p, 



■^{91 ,92) 



forwi G iJ*(X(g^),/:(g^)),a;2 G H*{X(^g^y C^g^^) and wa G H*{X(^g.^y C^g.^^) with 53 = (515(2 



(-1 
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Let fj be a torsion twisting on an almost complex compact orbifold X. We assume that the twisted 
orbifold K-theory defined by the Grothendieck group of 7^-twisted vector bundles over X agrees with 
the twisted K-theory defined in Section |4~T] Let a be the gerbe associated to a with a gerbe connection 
and curving. Note that if the gerbe curvature of a is zero, then the twisted Chern character on the twisted 
orbifold K-theory K*^f^{X, a) constructed in [43] 

(5.5) ch^ : K*^,{X,a)(^C^ H*{X,Ca) = H* {X^gj, Cig)) 

(9)eri 

is an isomorphism of vector spaces over the complex coefficients. Geometrically, this twisted Chern 
character is constructed as follows. Let E be an 7^-twisted vector bundle over Qq. Then the pull-back 
vector bundle e*E over Go admits a bundle isomorphism $ defined by an element in End{e* E) (g) C^- 
With respect to a locally constant trivialization, the Chern character c/i$ as in Section l42l can be extended 
to the twisted case to define a homomorphism 

chq>^„ : Kl^fj{X,e*a) — > H*{X,Ca) 
such that the following diagram commutes 

(5.6) i^*,fe(X,eV)C5C '■ ^H*{X,Ca). 

If e*a is transgressive, then we can apply the Adem-Ruan-Zhang product on K*^j^{X, e*a) to define a 
stringy product on K*^f^{X, a) C. Modifying the twisted Chern character in (15.51 ) as in Definition 14.41 
and Theorem 14.51 we expect that K*^f^{X, cr) ® C with this string product is isomorphic to the twisted 
Chen-Ruan cohomogy H*{X, C^) using the Mayer- Vietoris exact sequence. We leave the details of the 
proof of this isomorphism to interested readers. 
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